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Abstract 

We give necessary conditions for the existence of perturbative heterotic and common sector 
type II string warped compactifications preserving four and eight supersymmetries to four 
spacetime dimensions, respectively. In particular, we find that the only compactifications 
of heterotic string with the spin connection embedded in the gauge connection and type II 
strings are those on Calabi-Yau manifolds with constant dilaton. We obtain similar results 
for compactifications to six and to two dimensions. 



In past few years there has been interest in investigating perturbative [|IJ and non- 
perturbative string warped compactifications |2j, [|, |], ||. One of the attractive features 
of such compactifications is the appearance of a scalar potential in the effective low di- 
mensional effective action depending on some of moduli fields. This leads to the lifting of 
some of the flat directions of the associated compactifications without a warp factor. The 
presence of the potential can be understood in various ways. One way is that in warped 
compactifications some ten- or eleven-dimensional supergravity form field strengths re- 
ceive an expectation value. Therefore one can view the presence of the potentials as a 
consequence of a Scherk-Schwarz type of mechanism. Another feature of these warped 
compactifications is that they preserve a fraction of spacetime supersymmetry. Warped 
compactifications have also been related to Randall- Sundrum type of senario 0. 

Warped compactifications of the perturbative heterotic string and of the common sector 
of type II strings have been investigated sometime ago by Strominger in This was 
achieved by allowing the dilaton to be a non-constant function of the compact space. 
Necessary conditions were given for the existence of such compactifications. In particular it 
was shown that the compact manifold of such warped compactification is a 2n-dimensional 
hermitian, but no Kahler, manifold equipped with a holomorphic (n, 0)-form. Therefore 
it is required that the Hodge number h n '° = dimH n, ° of the compact manifold is h n '° > 1. 

In this paper, we shall investigate the conditions for the existence of holomorphic (n, 0)- 
forms on hermitian manifolds using the Gauduchon theorem ||l6|-[f[8||. We shall assume the 
following: 

• The solution associated with the warped compactification is a smooth and the internal 
manifold is compact. 

• For compactifications to four- dimensions the solution preserves four and eight su- 
persymmetries for the heterotic and type II strings, respectively. The non-vanishing 
fields are those of the common sector. 

• The dilaton is a globally defined scalar function on the compact space. 

Then we shall show that there are restrictions for the existence of such forms which man- 
ifest themselves as conditions on the string three-form field strength H and its exterior 
derivative dH. In particular, we shall find that heterotic warped compactifications with 
the spin connection embedded in the gauge connection and type II string warped compact- 
ifications are ruled out. So the only compactifications of these systems with four and eight 
remaining supersymmetries in four dimensions, respectively, are the standard Calabi-Yau 
compactifications for which dilaton is constant and the string three-form field strength van- 
ishes. Recently other no-go theorems have appeared in the literature for Randall-Sundrum 



fl9| , |20| , pT| , p2[ and warped compactifications p3| ; see also p5[] . 

We shall begin our analysis with a summary of the relevant results of [|I|]. Then after 
giving some definitions of various curvature tensors associated with hermitian geometry, we 
shall present our main result. This is an inequality involving the length of the torsion of the 
Chern connection and the scalar derived by taking twice the trace of dH with the complex 



2 



structure of the hermitian manifold. We shall then explore this inequality in the context 
of both heterotic and type II strings. We shall conclude with some remarks regarding the 
relationship between the Killing spinor equation associated with the gravitino and that 
associated with the dilatino. In particular, we shall argue that the former does not always 
imply the latter. 

The string compactifications we consider involve supergravity solutions for which the 
non-vanishing bosonic fields are those of the NS®NS sector, ie the metric G, the dilaton 
4> and the string three-form field strength H. In type II strings, H is closed but in the 
heterotic string due to the anomaly cancellation mechanism, dH ^ 0. In what follows, we 
shall be mainly concerned with compactifications of the heterotic string though our results 
can be easily adapted to the type II strings. The relevant heterotic Killing spinor equations 
in the string frame are 

V77 = 

{T M d M 4> - \v MNR H MNR )r } = ^ 1 (0.1) 
o 

where M, N, R = 0, . . . , 9, T M are the gamma matrices of spacetime and V is a connection 
with torsion H, ie 

VmY n = V M Y N + \h mr n Y r ■ (0.2) 

Y is a vector field. The gamma matrices have been chosen to be hermitian along the space 
directions and antihermitian along the time direction. The spinor rj is in the Majorana-Weyl 
representation of the spin group Spin(l,9). In the heterotic string, there is an additional 
Killing spinor equation associated with the gaugino. However this will not enter in our 
investigation and it will be only very briefly mentioned later. In the case of type II strings 
there are two additional Killing spinor equations to (p.l|) but again do not enter in our 
analysis. It has been shown in (T| that for warped compactifications to R 2 ( 5_n ), the solution 
for the background in the string frame can be written as 

ds 2 = ds 2 (R 2( ~ 5 - n) )+ds 2 (M) 
<j) = <f)(y) 

H = ^H(y) ljk dy l Adyi A dy k , (0.3) 

where {y l ;i = l,...,2n} are the coordinates of the 2n-dimensional compact space M 
and ds 2 (M) is the metric on M. The manifold M is even- dimensional and this will be 
explained shortly. The warp factor is not apparent in the string frame but in the Einstein 
frame because the dilaton is not taken to be constant, the spacetime metric becomes 

ds 2 E = e~^ds 2 , (0.4) 

where ds 2 E is the Einstein metric. 

For the first Killing spinor equation in ( p.l| ) to have solutions, the holonomy of the 
connection V has to be an appropriate subgroup of 50(1,9). For the compactifications 
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( p.3| ) we are considering, the non-trivial part of the connection V is given by a connection 
on the compact manifold M which we shall denote with the same letter. Therefore for the 
first Killing spinor equation in ( |0.1|) to have solutions, we take the holonomy of V to be in 
SU(n). This in particular implies that for compactifications to four dimensions (n = 3), 
four supersymmetries will be preserved. The solutions of this Killing spinor equation are 
V-parallel spinors which can be identified with the singlets in the decomposition of the 
Majorana-Weyl spinor representation of (50(1,9) under SU(n). In addition it was shown 
in that M is a hermitian manifold, i.e. M admits a complex structure and it is equipped 
with a compatible hermitian metric. The complex structure is given in terms of a killing 
spinor i] + as 

fj = -z4r> + , (0.5) 

satisfying 

V k J l j = , (0.6) 



i.e. it is parallel with respect to the V connection. The torsion of the connection V is 
determined in terms of the metric and the complex structure on M as 

Hijk = —3J m iidQ\ m \jk] , (0.7) 



where Vtij = g^J r j is the Kahler form of M and dVt is its exterior derivative, [dVt)ijk = 
3d[iQjk] and ds 2 (M) = gijdy % dyi is the metric on M. In mathematics V has appeared 
sometime ago in the context of hermitian manifolds fll] and recently it is called Bismut 



connection [f[2 |, and in physics has appeared in the context of supersymmetric sigma models 
||T3| , [14| , |l5l| . Hermitian manifolds equipped with the Bismut connections are also called 
KT (Kahler with torsion) manifolds flI5| . 

Let us now investigate the second Killing spinor equation associated with the dilatino. 
For the compactifications we are considering, this Killing spinor equation for r) + becomes 

(r%<t> - ~rv k H ijk )r] + = . (0.8) 

Next we multiply this equation from the left and its conjugate from the right with T m , 
respectively. After contracting the two equations with r]\_ and rj + appropriately and then 
substracting them, we get schematically 

A(r d<j>]-±{r m ,H})r] + = 0. (0.9) 
After some gamma matrix algebra, this equation gives 

Oi = 2d4 , (0.10) 
where Q% is the so called Lee form of J defined as 
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We remark that the field and Killing spinor equations of supergravity theory are well- 
defined if we take the dilaton to be locally defined on M and therefore 6 to be closed but not 
exact. However in the supergravity action, appears without a derivative acting on it and 
therefore in order the Lagrangian to be a scalar, (p is required to be a globally defined scalar 
on M. In many backgrounds that arise in the worldsheet-conformal field theory approach to 
strings, (f> is only locally defined function on the background. For example, the background 
associated with the Wess-Zumino-Witten (WZW) model on S 1 x S 3 is supersymmetric, in 
the supergravity sense, if one introduces a dilaton which depends linearly on the angular 
coordinate of S 1 factor. Such a dilaton is not globally defined on S* 1 x S 3 ; though is 
well-defined in the universal cover of S 1 x S 3 which is the near horizon geometry of the 
NS5-brane. As we shall see in conformal field theory, a more general situation can arise. 

The key observation in |IJ is that the existence of a solution to the supergravity Killing 
spinor equations implies the presence of a holomorphic (n, 0)-form on M. To see this 
observe that M admits a V-parallel (n, 0)-form e because of the requirement that the 
holonomy of V is in SU(n). Next we assume that is a globally-defined scalar on M and 
write the form 

e = e" 2 *e. (0.12) 

Then using Ve = 0, 

= h , 

as it can be verified with an explicit computation, and ( P-10Q , we find 

dp€ a i...a n — — 2(9 / 30e ai ... Qn + nr|j Qi e| 7 | a2 ... an ] 
= — 2dp(j)Z ai ... an + Tjj^e ai ...a n 

= -2d-$l ax .. Mn + 0fe ai ... an = , (0.13) 

where a±, ■ ■ ■ a n , 7, S = 1, . . . , n are holomorphic indices with respect to J. So e is 
holomorphic. This concludes our summary of the warped string compactifications. 

There are obstructions to the existence of holomorphic (n, 0)-forms on hermitian man- 
ifolds. In particular, we shall show there does not exist such a holomorphic (n,0)-form for 
a large class of the compactifications we have described. For this, we first define the Chern 
connection V on M as 

v^ = v ( y + i J »,(«n),^y*, (o.i4) 

where Y is a vector field of M. This connection is compatible with the metric (Vg = 0), 
the complex structure (V J = 0) and the holomorphic structure of the tanget bundle of M 
(ie the curvature of the Chern connection is a (l,l)-form on M). The torsion of the Chern 
connection is ^ 

Cijk = 2^ id^mjk ~\~ J jdQimk) > (0.15) 

which can be expressed in terms of the string three-form H as 

Cijk = -^{J m i.J n jHmnk ~ Hijk) ■ (0.16) 
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Observe that if the torsion of the Chern connection vanishes, then the manifold M is Kahler 
and consequently H also vanishes. Next we define 



b = -^Ri jk j n kl , (0.17) 

and 

u = -~R ijkl W i n kl , (0.18) 

where R and R are the curvature tensors of the Bismut and Chern connections on M, 
respectively. Moreover a computation reveals that 

2u = b + C ijk C ijk + -dH ijkl Q ij n kl . (0.19) 



(For the derivation of this see [lOfl.) Of course if the holonomy of the Bismut connection 
is contained in SU(n), then 6 = 0. 

Necessary conditions on the compact hermitian manifold M for the existence of a 
holomorphic (n, 0)-form, or more generally for the existence of a holomorphic sections of 
a holomorphic line bundle over M, can be derived by the application of the Gauduchon 
plurigenera theorem [[17], [H| ; for applications of other vanishing theorems |§ see [JToJ] . These 



conditions are expressed in terms of the Gauduchon metric. For this, we first observe that 
given a hermitian manifold M with complex structure J and metric g, one can find another 
hermitian structure on M with the same complex structure but with metric which is related 
to g by a conformal rescaling, i.e. metric e w g where w is a function on M. It has been 
shown by Gauduchon [jnj that it is possible to always find a metric h within the conformal 



class of g such that 

(y(h)y e (h) = ; 

where is the Levi-Civita connection of the metric h and 9^ is the Lee form with 
respect to the metric h. The metric h that fixes the conformal gauge is called Gauduchon 
metric. 

The proof for the existence of the Gauduchon metric can be summarized as follows: Let 
(z 1 ,...,z n ) be a holomorphic coordinate system on a compact hermitian 2n- dimensional 
manifold (M,J,g). We consider the complex Laplacian operator Lr g j acting on smooth 
functions / as 

L (g) (f) = -2g^d a d- p f . (0.20) 
The operator L can be rewritten as 

L ig) tf) = Af + 2g^d a fe^ (0.21) 

where A is the standard Laplacian associated with the Levi-Civita connection of g and 9 
is the Lee form. The formal adjoint operator L*^ of L( g ) is given by 

L\ g) {f) = Af - 2g^dJ9- p - 2V a 9 a f , (0.22) 
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where V is the Levi-Civita connection of g. In particular, we have 

L\ g) {l) = -2V a 6 a . (0.23) 



2 

The corresponding operators with respect to a conformally equivalent metric g = e n ~ lW g 
are given by 

L(df) = ^ w L (9) (f) 

L Uf) = e^ w L* {g) (e 2w f) . (0.24) 
If L1 g Je 2w ) = admits a positive solution, then 

L?,x(l) = -2V?a0® = O. (0.25) 



Thus such g is the Gauduchon metric, g = h. 

Gauduchon |TS[ showed that the equation LJJf) = does admit a unique positive 



solution, up to a constant scale, by using the following consequence of steps: 

• (i) If / is in the kernel, KeiL^, of L( s ), L^(f) = 0, then / is constant. This follows 
from the Hopf maximal principle. Roughly if / is not constant, then / has a strict 
maximal point p on the compact manifold M and so L^(f)\ p = Af\ p > which 
leads to a contradiction. 

• (ii) The index of L( g ) vanishes, IndexL( 9 ) = dimKerL( 9 ) — dimKerL^ = 0. This is 
because the principal symbols of L( g ) and of L* g ^ are the same as that of the standard 
Laplacian A. Thus using (i), we conclude that dimKerL^ = 1. 

• (iii) If a function / is in the image of Li g ) , / e ImL^ , then / necessarily changes sign 
as a consequence of the maximum principle. Indeed let us suppose that / = L( g )k 
for some smooth function k on M. Then k has at least a maximum and at least a 
minimum point in M. If p is a maximum, then f(p) = L^(k)\ p = Ak\ p > 0. Now if 
p is a minimum, then f(p) = L^(k)\ p = Ak\ p < 0. Therefore / changes sign. 

• (iv) If / G KerL^-j, then / is nowhere zero. For this observe that KerL*^ is orthogonal 
to ImL( 9 ). Now suppose that / changes sign, then one could find /' which is either 
positive or negative function of M orthogonal to /. Such function /' then is in ImL^ 
and so it contradicts (iii). 

So from (iv) one concludes that there is solution of L*^(f) = which is a negative 
or positive function on M. Observe that if / is negative, then — / is a positive solution. 
Next from (ii) one concludes that the solution is unique up to a constant scale. Hence, the 
Gauduchon metric exists and it is unique up to a homothetic transformation. 

Now we are ready to state the Gauduchon plurigenera theorem [TS|| . For this let 
us denote with the scalar u in ( . 1 8|) evaluated for the Gauduchon metric h. If on a 
compact hermitian manifold 

/ Vhd 2n yu w >0, (0.26) 
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then the mi/i-plurigenus p m (J) = dimH (M,O(K m )) £ {0,1}, m > 0. Moreover, if the 
inequality in (|0.26| ) is strict, then p m (J) = 0,m > 0. In particular h n '° = P\(J) and this 
gives necessary conditions for the existence of holomorphic (n,0)-forms. 

To briefly explain the proof of the plurigenera theorem, let A be a holomorphic (n,0)- 
form. Then we find that 

= dpX ai .„ an = Vprj ai .„ an (0.27) 

by the properties of the Chern connection V. Next we apply the complex Laplacian L( g ) 
to — ||A| 2 , where 

|A| 2 = X ai ... an \ ai - a " (0.28) 

is the square norm of A, and get 

= / a V / gV Q A ai ... Qn A ai - a " + |VA| 2 = 2u|A| 2 + |VA| 2 . (0.29) 

We have used the Ricci identities for the Chern connection to derive the latter equality. 

Now if u > 0, then L( 9 )(— ||A| 2 ) > 0. Applying the Hopf maximum principle, we find 
that either A = if u > or VA = if u = 0. Hence, in the first case h n '° = and h n '° < 1 
in the second. This observation suffices to show one of the main results of this letter as we 
shall see below. However the conditions for the existence of holomorphic sections for line 
bundles can be put in the form of (|0.26|) as follows: 

Let (£, A 4 ) be a holomorphic line bundle over a compact hermitian manifold (M,g, J) 
with fibre metric \i. We define the function as the trace over the M indices with respect 
to g of the curvature of the canonical Chern connection of (C, /i). For the canonical bundle, 
ie the bundle of (n,0)-forms on M, the function /i is locally given by /i = det(g) = det(g a p). 
The curvature of the canonical bundle is 

R a$ = -id a dp\og{fet{g)) (0.30) 

and 

« M = -y*Rc$ = -\g a ~ p d a d^\o gl , . (0.31) 

Observe that if fx' = e w fi is another fibre bundle metric, then u^' = u^+Lr g \(w). Suppose 
that f is a smooth positive function on M satisfying L*f Q = 0. Gauduchon JT^j showed 
using the properties of the kernel of L* that the average value 

%) (£) = Vog(M) / ^gd 2n yf oU M (0.32) 

is independent of the choosen bundle metric where Vol( g )(M) is the volume of M with 
respect to the metric g. Moreover there exist a canonical bundle metric /i with = 
v g (C), constant. But the existence of holomorphic sections of a holomorphic bundle £ does 
not depend on the choice of fibre metric (j,, thus it only depends on the sign of the constant 



S 



u (p-o)_ j n case Q f interest where the line bundle £ is a positive power of the canonical 
line bundle, the constant 



,(£) = Vol^(M) J Vhd 2n yu^ (0.33) 
where h is the Gauduchon metric. From this one can immediately derive the plurigenera 



theorem as stated in (|0.26| ) 



To apply the above results to string theory, we observe that if the string metric g on 
M is related to the Gauduchon metric h by g = e* h, then we have 

2e f u = 2u {h) + n(n - l)h ij (O^d^f - A {h) f , (0.34) 

where is the Laplacian of h. Using ( |0.34j )and ( P-19| ), and after integrating by parts, 
we find that 



/ Vhd 2n y u {h) = f Vhd 2n y e f u 

JM JM 

l I V9d 2n V e- {n ~ 1}/ (C ijk C^ k + ]dH ijk 0m kl ) . (0.35) 



This is our main equation. Further, the torsion C of the Chern connection can be expressed 
in terms of the string three-form H using ( p,16| ) but the above expression will suffice. 

Now consider warped compactifications of the heterotic string with compact space the 
hermitian, but no Kahler manifold, M and with spin connection embedded in the gauge 
one. If this is the case, then dH = and so 

/ Vh d 2n y = - [ ^/g~ d 2n y e"^" 1 ^ C m C l]k > . (0.36) 

JM 2 JM 

From the Gauduchon theorem stated above we conclude that h n, ° = and a holomorphic 
(n, 0) form on M cannot exist. Thus there are no warped compactifications of the heterotic 
string with the spin connection embedded in the gauge one. The same applies for warped 
compactifications of type II strings for which H is closed, dH = 0. From these, one 
concludes that the only compactifications involving the common sector of type II strings 
and perturbative heterotic string for which the spin connection is embedded in the gauge 
connection are those on Calabi-Yau manifolds H. In particular the dilaton is constant 
and so there is no warp factor in the metric. We remark that the same result can be 



derived without using the plurigenera theorem. In particular from (|0.19| ), dH = and 
the reasoning below equation ( p.29|) we can conclude that h n '° = unless C = and the 
manifold is a Calabi-Yau space. 

The only remaining possibility for existence of warped perturbative string compactifi- 
cations is that of heterotic strings for which the spin connection is not embedded in the 
gauge connection and so dH ^ 0. A necessary condition for having h n '° = 1 as required is 
that 

f M J-gd 2n y e -("-W [C ijk C ijk + ~dH ijk 0m kl ] < . (0.37) 
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From the heterotic string one-loop anomaly cancellation formula 



dH = X[Tr(R' A R') - Tr(F A F)\ , (0.38) 

we have 

(dH) ijkl Wm kl = — (TrRf^ - Tr FijF ij ) , (0.39) 

where A is a constant that depends on the string tension, R' is the curvature of the connec- 
tion with torsion — H, F is the curvature of a vector bundle on M and the trace is taken 
in the gauge indices which have been suppressed. Observe that only the zeroth order term 
of H in A contributes in the one-loop anomaly and that dH = + 0(A). To derive ( |0.39| ), 
we have used the fact that Rij±i = R'u,ij an d therefore both R' and F are (l,l)-forms on 
M which in addition satisfy Q^FijJ' = Q^R'^k 1 = 0. These conditions on F are derived 
by solving the Killing spinor equations associated with the gaugino. (Global anomaly can- 
cellation requires that dH is exact.) Now whether or not ( p.37[ ) is satisfied depends on the 



details of the choice of the gauge connection and that of the hermitian structure on M. 

For compactifications to six dimensions, if dH = then the only compactifications are 
those on K 3 with constant dilaton [[F]. On the other hand if dH ^ 0, then the string metric 
g is in the same conformal class as the K 3 metric. The latter of course can be identified 
with the Gauduchon metric. Therefore u^ 1 ' = and there is a holomorphic (2,0)- form 
which is that of K$. 

We shall conclude with a remark regarding the relationship between the first and second 
Killing spinor equations in ( p.l|) . In particular we show that the first Killing spinor equation 
does not always imply the second. To derive this, we shall construct an example of a 
manifold that solves the first Killing spinor equation but not the second. For this we take 
M = SU{2) x SU(2) = S 3 x S 3 ; This is a group manifold model as those in J2?], [Z7|. 
Moreover let as denote the left-invariant one- forms on M with {(cr r , <7 r ); r = 0, 1, 2}, where 
a r are associated with the first SU(2) in M and a r with the second. In particular, we have 

da r = -\t r stO- s A a* (0.40) 
and similarly for a r . The metric on M can be chosen to be 

ds 2 = 5 rs a r a s + 5 rs a T a s . (0.41) 

(There is a two parameter family of bi-invariant metrics on M but this choice will suffice 
for our purpose.) The Kahler form of the metric that we shall consider is 

£1 = a A a + a 1 A a 2 + a 1 A a 2 (0.42) 

In particular we find that the string form field strength in this case is 

H = -a A a 1 A a 2 - a A a 1 A a 2 . (0.43) 

The Bismut connection is the left- invariant connection on the group SU(2) x SU(2) and 
so it has holonomy group the identity. Thus its holonomy is contained in SU (3) and the 
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first Killing spinor equation has the required solutions. It remains to see whether the 
second Killing spinor equation can be solved as well. For this we shall attempt to verify 
the equation 9i = 2di<f>. To do this we compute the Lee form 6 and find 

6 = a - a . (0.44) 

Thus d6 7^ and so the second Killing spinor equation is not satisfied. The manifold 
M = SU{2) x SU(2) is associated with a two-dimensional N = 2 superconformal theory, 
for example that of a WZW model with target space M. Of course such conformal theories 
do not have the appropriate central charge to serve as string backgrounds, i.e. the dilaton 
field equation is not satisfied. Nevertheless, it is surprising that there is no choice of 
a dilaton for the above complex structure, even after adding for example background 
charges, for which the associated supergravity background preserves some of the spacetime 
super symmetry. However if the complex structure J is chosen in a different way, then by 
adding two appropriate background charges, the resulting background can be thought of as 
having geometry S 1 x S 3 x S 1 x S 3 which preserves some spacetime supersymmetry. However 
the dilaton (j) in this case depends linearly on the two angular coordinates of S 1 x S 1 and so 
it is not a well-defined function on S 1 x S 3 x S 1 x S 3 leading to a d<p which is a closed but 
not an exact one-form. This is similar to the case of S 1 x S 3 WZW background that has 
already been explained. Alternatively, one can consider the universal cover R x S" 3 x R x S 3 
of S 1 x S 3 x S 1 x S 3 . In such case the dilaton is a well-defined function on this background 
but the solution is non-compact. All these are in accordance with our main result that 
there are no common sector type II and heterotic string warped compactifications with the 
spin connection embedded in the gauge one preserving appropriate supersymmetry. 
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